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Thermodynamics properties of an interacting system of bosons are considered at finite
temperatures and zero chemical potential within the Skyrme-like mean-field model. An in-
terplay between attractive and repulsive interactions is investigated. As a particular example
an equilibrium system of pions is discussed. Several modifications of thermodynamic prop-
erties in the considered system are found with increasing a strength of attractive forces.
Different types of the first order phase transition are classified. Some of these transitions
exist also in the Boltzmann approximation. However, effects of the Bose statistics introduce
the notable additional changes in the thermodynamic quantities due to a possibility of the
Bose-Einstein condensation.
I. INTRODUCTION
The phase structure of the strongly interacting mat-
ter is currently a subject of active researches [1, 2]. At
low temperatures and densities the system behaves as
the ideal gas mixture of different particle species. The
equation of state (EoS) at higher temperature and zero
baryonic density is of particular interest as it can be stud-
ied within the lattice QCD numerical methods [3, 4]. A
special attention was also devoted to the mesonic degrees
of freedom [5–8]. At small temperature and zero chemi-
cal potentials a main contribution to the EoS is expected
from pions which are the lightest particles with strong
interactions. Pions are bosons, thus, some specific effects
connected to the Bose statistics are also possible.
Effects of interactions for the thermodynamic proper-
ties of many-body boson system were discussed in some
detail (see, e.g., Ref. [9]). A characteristic trait of such
systems is a phenomenon of the Bose-Einstein condensa-
tion (BEC) [10, 11]. The BEC of pions in high energy
collisions were discussed in Refs. [12, 13]. The BEC can
be also expected for other types of bosons with the strong
interactions, e.g., kaons and α nuclei, and applied to
study properties of nuclear matter, boson stars, etc [14–
25]. Recent works investigate a possibility of the BEC
for pion with non-zero isospin using the lattice QCD for-
mulation [26, 27]. It was also studied in the phenomeno-
logical and effective theories in Refs. [28–33].
Particle interactions, when both attractive and repul-
sive effects are included, can lead to the first order liquid-
gas phase transitions (LGPT) that is a common features
of all molecular systems. The possibility of first-order
phase transition via formation of the BEC was introduced
in Ref. [29].
In the present paper we follow this idea by studying
an interplay between two physical phenomena in the sys-
tem of interacting bosons: LGPT and BEC. The sys-
tem of bosons with zero chemical potential is considered,
and the mean-field model with the Skyrme-like interac-
tion is adopted. This form of the mean-field interactions
was discussed earlier in Refs. [29, 34]. Different types of
the LGPT in an interacting boson system will be con-
sidered. By increasing a strength of an attractive part
of the mean-field potential we find qualitatively different
scenarios: no LGPT and no BEC, LGPT without BEC,
LGPT with BEC, and unstable vacuum. Our analysis is
given in a general form which is valid for any system of
bosons, whereas our numerical calculations are referred
to interacting pions as a generic example.
The paper is organized as follows. Section II gives a
general description of the mean-field framework with the
Skyrme-like interaction. In Sec. III possible scenarios for
the system EoS are presented. In Sec. IV the particle
number fluctuations are calculated in different thermo-
dynamic scenarios. Section V presents a short summary.
II. MEAN FIELD SKYRME MODEL
The thermodynamic mean-field framework for a sys-
tem of interacting bosons will be defined as a set of the
following coupled equations for the pressure p and parti-
cle number density n (see, e.g., Ref. [35]):
p(T, µ) = pid(T, µ
∗) +
n∫
0
dn′ n′
dU(n′)
dn′
, (1)
n =
(
∂p
∂µ
)
T
= nid(T, µ
∗) , (2)
µ∗ = µ− U(n) , (3)
where T and µ are the system temperature and chemical
potential, respectively. A density dependent mean-field
potential U(n) will be taken in the Skyrme-like form as
(see, e.g., Ref. [20, 29]):
U(n) = −An+Bn2 . (4)
Positive constants A and B describe, respectively, attrac-
tive and repulsive effects of particle interactions.
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2In Eqs. (1)-(2), pid and nid are the pressure and particle
number density of the ideal gas in the grand canonical
ensemble [36]
pid(T, µ
∗) =
g
6pi2
∞∫
0
dk
k4√
k2 +m2
fk(T, µ
∗) , (5)
nid(T, µ
∗) =
g
2pi2
∞∫
0
dk k2 fk(T, µ
∗) , (6)
where m is the particle mass, and g is the degeneracy
factor. The momentum distribution fk reads
fk(T, µ
∗) =
[
exp
(√
k2 +m2 − µ∗
T
)
− η
]−1
, (7)
where η = 1 corresponds to the Bose statistics that will
be discussed in our paper. The η = −1 corresponds to
the Fermi statistics, and η = 0 to the Boltzmann ap-
proximation in which effects of a quantum statistics are
neglected.
For Bose particles the effective chemical potential µ∗
(3) is restricted from above by a particle mass, µ∗ ≤ m.
At µ∗ = m the BEC phenomenon takes place. In what
follows the system of bosons with zero chemical potential
µ = 0 is considered. Thus, a condition of BEC reads
− U(n) = m . (8)
Whether the condition (8) can be satisfied depends on
the values of A and B parameters in Eq. (4). Note that
U(n) function (4) is a parabola with its lowest negative
value −A2/(4B) at n = n0 = A/(2B). The condition (8)
can be therefore satisfied if −U(n0) ≥ m that requires
A ≥ Acr = 2
√
Bm . (9)
Thus, the BEC can be only possible if the attractive part
of particle interactions is strong enough. In this case,
Eq. (8) has two solutions, n = n1 and n = n2,
n1,2 =
A±√A2 − 4Bm
2B
. (10)
The BEC phenomenon can only occur at n = n1 or at
n = n2. It is not possible at n < n1 and n > n2. Besides,
the particle densities n inside the interval (n1, n2) are
forbidden at any temperature T as they lead to µ∗ >
m and negative values of the Bose-Einstein distribution
function (7) at small momenta k. These properties of
the system of bosons with the Skyrme-like U(n) potential
were recently noted in Ref. [29].
If n(T ) equal to either n1 or n2, Eq. (2) should be
extended as
n(T ) = n1,2 = nid(T, µ
∗ = m) + nbc , (11)
where nbc ≥ 0 is the density of the Bose condensate
(BC), i.e., a macroscopic part of particles in the system
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Figure 1. Possible states n = n(T ) at small T at A > Acr.
Dashed-dotted line shows the function n = nid(T, µ∗ = m).
Dotted and dashed horizontal lines present the states with
n = n1 and n = n2, respectively. A square corresponds to
n = nid(T, µ
∗) with µ∗ < m. A circle and a cross present
possible alternative states at the same T with µ∗ = m and
nbc > 0. The state with n = n1 can only appear as an
unstable one.
of bosons that occupies a zero momentum level k = 0.
In Fig. 1 the (T, n)-plane is shown schematically in a
case of A > Acr. A dashed-dotted line in this figures
presents the function nid(T, µ∗ = m) The (T, n) points
under this line correspond to µ∗ < m, and no BC can be
formed in this region. Thus, the function nid(T, µ∗ = m)
presents an upper limit of the particle number density at
any T , if nbc = 0. Above the line nid(T, µ∗ = m) the
only admittable states are those given by Eq. (11) with
nbc > 0.
However, a region of the particle number density
(n1, n2) is forbidden only for the pure phases of the sys-
tem. As will be discussed in the next sections, this region
can be filled in by the liquid-gas mixed phase with the
‘gas’ density ng < n1 and ‘liquid’ density nl = n2. At
small T we obtain the solutions (2) with µ∗ < m. One of
this solution is shown in Fig. 1 by the black square. For
each of these solutions one should consider two alterna-
tive solutions n(T ) = n1 and n(T ) = n2 given by Eq. (11)
and shown in Fig. 1 by the cross and circle, respectively.
According to the Gibbs criterion one should choose a so-
lution with the largest pressure. This solution is a stable
one. Two other solutions correspond to metastable and
unstable states. Note that the solution with n(T ) = n1
can only appear as an unstable one. Indeed, by taking a
difference of the pressures (1) at µ∗ = m with and n = n2
and n = n1 one finds
p(T, n2)− p(T, n1) = −
n2∫
n1
dn [m+ U(n)] > 0 , (12)
3i.e., the pressure p(T, n2) is always larger than the pres-
sure p(T, n1) at any T .
III. EQUATION OF STATE AND PHASE
TRANSITIONS
In a Bose gas with the mean-field U(n) discussed in
the previous section one obtains several qualitatively dis-
tinct cases depending on the numerical values of the
A and B parameters. To be specific these possibilities
will be illustrated by choosing a system of an interact-
ing pions. We neglect effects connected to electric in-
teractions and small difference between the masses of
neutral and charged pions. Therefore, in what follows
the particle mass and degeneracy factor will be fixed as
m = mpi = 140 MeV and g = 3.
To be even more specific, a fixed value of the B pa-
rameter will be further considered. At fixed chemical
potential µ repulsion effects manifest themselves in a sup-
pression of the pressure, whereas attractive ones lead to
an increase of the pressure. These slightly anti-intuitive
results appear to be a general feature of a self consis-
tent mean-field approach. A decrease or increase of the
systems pressure is explained at fixed µ by the corre-
sponding decrease or increase of particle number density
due to, respectively, repulsive and attractive interactions.
The B parameter will be fixed as B/m = 21.6 fm−6. At
A = 0 this B value leads to a suppression of the pressure
as pid(T, µ∗)/pid(T, µ∗ = 0) = 0.975 at T = 120 MeV and
µ = 0. This behavior is similar to the pressure suppres-
sion due to the excluded volume effects with the hard-
core radius of pion equal to r ' 0.3 fm [37].
In the further discussion a temperature T is the only
independent thermodynamic variable, and A is the one
free model parameter. The system EoS depends then
on a strength of attractive interactions described by nu-
merical values of the parameter A. It is convenient to
introduce a new dimensionless parameter κ as
κ ≡ A
Acr
, (13)
where Acr is defined in Eq. (9). For our choice of param-
eters the following 5 qualitatively different intervals of κ
are found:
[0, κ1], (κ1, 1), (1, κ2), (κ2, κ3), (κ3, +∞) ,
(14)
where
κ1 ∼= 0.998, κ2 ∼= 1.00017, κ3 = 2√
3
∼= 1.155 .
(15)
0 ≤ κ ≤ κ1 : No phase transitions.
For values of κ ∈ [0, κ1] no BEC and/or phase tran-
sitions are possible. Functions n = n(T ) and p = p(T )
are shown for several fixed values of κ ≤ κ1 in Figs. 2
(a) and (b), respectively. For a comparison, the ideal gas
behavior with µ∗ = 0, i.e., both A = 0 and B = 0, and
µ∗ = m are also presented by dashed-dotted lines and
dashed lines, respectively.
At small densities and large enough κ the attractive
effects dominate. This leads to n(T, µ∗) > nid(T, µ∗ = 0)
and p(T, µ∗) > pid(T, µ∗ = 0). However, at very large n
a repulsive part of the U(n) being proportional to n2 al-
ways becomes larger than an attractive one proportional
to n.
At κ = κ1 the function n = n(T ) has an inflection
point shown in Fig. 2 by the star at T = Tc. At this
point, dn/dT =∞ that causes an infinite fluctuations of
the number of particles as will be discussed in the next
section.
κ1 < κ < 1 : Liquid-gas phase transition.
For κ ∈ (κ1, 1) the condition (9) is not satisfied, thus,
the BEC can not be realized. However, there is a possi-
bility for the first order phase transition in this region of
attractive forces. In some temperature interval (T1, T2)
the function n = n(T ) has three different solutions as
it is shown in Fig. 3 (a). A part of the n(T ) line with
dn/dT < 0 corresponds to the unstable solution, and
it is shown in Fig. 3 by the dotted line. Two other
branches of n = n(T ) shown by dashed lines correspond
to metastable states of the considered system. Statis-
tical mechanics admits a possibility for an equilibrium
between several different phases, e.g., two phases – liq-
uid and gas – with different particle densities, n = ng
and n = nl > ng. These phases can exist in the thermo-
dynamic equilibrium provided they have equal pressures
(mechanical equilibrium), equal temperatures (thermal
equilibrium), and equal chemical potentials (chemical
equilibrium). For equal values of T and µ = 0 in both
phases, the phase with larger pressure is realized. And
the phase transition temperature T = Tpt corresponds to
the point where pressures of both phases become equal
to each other. This is known as the Gibbs criterion for
the first order phase transition. The vertical line in Fig. 3
(a) corresponds to the mixed phase of a ‘gas’ with density
n = ng and ‘liquid’ with n = nl. We use the standard
names of ‘gas’ and ‘liquid’ for these phases with ng < nl
as it is usually done for the molecular gaseous and liquid
systems. This phenomenon in our systems of interact-
ing bosons will also be denoted as the liquid-gas phase
transition (LGPT).
Note that the states shown by the dashed lines in Fig. 3
can be realised in physical processes as metastable states.
On the other hand, the states shown in Fig. 3 by the dot-
ted lines are unstable and they are fully forbidden. In the
considered case of the liquid-gas phase transition a Bose
nature of constituents plays no essential role. Particu-
larly, a conditions of the BEC with µ∗ = m cannot be
reached at any T . One finds that a picture of the consid-
ered here phase transition remains valid in the Boltzmann
approximation, i.e, at η = 0 in Eq. (7).
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Figure 2. The particle number density n (a) and pressure p (b) versus a temperature are shown by solid lines at different
κ ≤ κ1. Red dashed-dotted lines and blue dashed lines correspond to the ideal gas expressions (6) and (5) with, respectively,
µ∗ = m and µ = 0. A star symbol denotes an inflection point of the n = n(T ) function on the line with κ = κ1 at T = Tc.
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Figure 3. The particle number density n versus temperature for κ1 < κ < 1 (a) and κ = 1 (b) are shown by solid lines. Dashed
and dotted lines correspond to metastable and unstable states of the system, respectively. Vertical solid lines correspond to
the liquid-gas mixed states of the LGPT at the phase transition temperature Tlg. At κ = 1 in (b) a star denotes an onset of
the BEC at n = n0
κ = 1 : LGPT and an onset of the BEC.
For κ = 1, i.e., A = Acr, one finds n1 = n2 = n0
from Eq. (10). After the LGPT at T = Tlg the system
reaches an onset of the BEC at temperature T = T0 >
Tlg and density n = n0. This is just a point where the
condition µ∗ = m is satisfied, and an onset of the BEC is
thus reached. This is shown in Fig. 3 (b). The BC with
nbc > 0 cannot be formed: at both T < T0 and T > T0
one finds µ∗ < m. This case is especially interesting.
The point T = T0 and n = n0 resembles a properties
of a critical point. Similar to the inflection point T =
Tc shown in Fig. 2 this is the second point in our Bose
system for which one observes an infinite particle number
fluctuations (see the next section).
1 < κ < κ2 : Two successive phase transitions.
In this region of the attractive parameter the system
EoS has two phase transitions. This is illustrated in
Fig. 4. The first phase transition occurs at the tempera-
ture T = Tlg, and it is similar to that of the LGPT shown
in Figs. 3 (a) and (b). However, at κ > 1 additional pure
phase solutions with n(T ) = n1 and n(T ) = n2 exist.
They correspond to µ∗ = m and nbc ≥ 0. One finds
that the solution n(T ) = n1 is always an unstable one.
The solution n(T ) = n2 is of a different nature. It is
a metastable at small T , and becomes a stable one at
T = Tbc. Both phase transitions shown in Fig. 4 are the
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Figure 4. The particle number density n versus temperature for 1 < κ < κ2 (a) and κ2 < κ < κ3 (b) are shown by solid lines.
Dashed and dotted lines correspond to metastable and unstable states, respectively. Vertical solid lines represent the mixed
phases. Two successive first order phase transitions are seen in (a): LGPT at T = Tlg and LGPT-BC at T = Tbc.
first order transitions and correspond to a jump in the
particle number densities. A specific feature of the phase
transition at T = Tbc is that the dense (‘liquid’) phase
with nl = n2 includes the BC with nbc > 0, whereas
the diluted (‘gas’) phase with ng < n1 does not reach an
onset of the BEC.
The second transition at Tbc is possible only due to the
Bose statistics effects. In a case of the Boltzmann approx-
imation this type of transition is absent. For brevity we
will call this type of a liquid-gas first order phase transi-
tion as the LGPT-BC to underline a presence of the BC
nbc > 0 in a liquid phase at the transition temperature
T = Tbc.
κ2 < κ < κ3 : LGPT-BC.
At κ ∈ (κ2, κ3) the system evolves along the gas branch
n = nid(T, µ
∗) with µ∗ < m up to the point Tbc where the
liquid-gas phase transition with the BC nbc > 0 in the
liquid phase with nl = n2 takes place as shown in Fig. 4
(b). This special possibility was previously considered in
Refs. [25, 29].
κ ≥ κ3 = 2/
√
3 : Unstable vacuum.
At κ → κ3 = 2/
√
3 from below, the temperature
Tbc of the LGPT-BC moves to zero, and Tbc = 0 at
κ = κ3. At κ > κ3 the vacuum state n = 0 at T = 0 be-
comes metastable and transition to the stable state with
nbc = n2 at T = 0 takes place. In this stable state, the
pressure is positive, p = p(T = 0, n = n2) = Bn22n0(κ −
2
√
κ2 − 1)/3 ≥ 0, and the energy density is negative,
ε = ε(T = 0, n = n2) = −p(T = 0, n = n2) < 0. The ex-
otic properties of this stable state with p = −ε at T = 0
resemble those postulated for an EoS of the dark energy
in models of the evolution of the Universe.
IV. PARTICLE NUMBER FLUCTUATIONS
The particle number fluctuations in our system can be
characterized by susceptibilities
kj =
[
∂j(p/T 4)
∂(µ/T )j
]
µ=0
, j = 1, 2, . . . . (16)
The scaled variance ω of the particle number distribution
can be straightforwardly calculated as [20]
ω =
k2
k1
= ωid(T, µ
∗)
[
1 + ωid(T, µ
∗)
n
T
dU
dn
]−1
,
(17)
where ωid is the following ideal gas expression
ωid(T, µ
∗) = 1 +
g
2pi2n
∞∫
0
dk k2 f2k (T, µ
∗) . (18)
A numerical value of ω = 1 corresponds to the Pois-
son particle number distribution. This result comes from
Eq. (17) for a classical gas of non-interacting particles,
i.e., U(n) = 0. The Bose statistics and attractive inter-
action lead to an enhancement of ω and repulsive inter-
action to its suppression.
Behavior of the ω calculated by Eqs. (17) and (18) in
the stable phases of the considered system is presented
in the (n, T )-plane for different values of κ in Fig. 5. To
guarantee ω > 0 as follows from its definition (17), the
following inequality should be satisfied
1 + ωid(T, µ
∗)
n
T
dU
dn
≥ 0 . (19)
If the left hand side of Eq. (19) becomes equal to zero
at some value of temperature, it leads to a divergence of
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Figure 5. The scaled variance ω calculated in the pure gas or liquid phases is shown in the (n, T )-plane. This region correspond
to the stable phase solutions n = n(T ). The mixed phase is separated by the binodal curve shown by the black solid line. White
lines denote the levels of constant values of ω. Figure (b) tunes the scales to present details of the critical point at T = Tc for
κ = κ1 and an onset of the BEC at T = T0 for κ = 1. Both of these special points are denoted by the stars symbols.
the ω (17). This happens for κ = κ1 at T = Tc that is an
inflection point of n = n(T ) function shown in Fig 2 (a).
Another potential source of a divergence of the ω is the
BEC. One observes that the scaled variance ωid become
divergent at µ∗ = m. This divergence is due to low mo-
mentum contribution of f2k to the k-integral in Eq. (18).
In this case one finds
ω =
T
n
(
dU
dn
)−1
. (20)
A condition µ∗ = m can be fulfilled either at n = n1 or
at n = n2. A derivative dU/dn is positive at n = n2
and negative at n = n1. Thus, the states with n = n2
can be considered as the physical state, either stable or
metastable. On the other hand, the states with n = n1
lead to unphysical values of ω < 0.
One special possibility at κ = 1 corresponds to the
point T = T0 and n ≡ n0 = n1 = n2 shown in Fig. 3
(b). At T → T0 one finds n → n0 and ωid(T, µ∗) → ∞.
Taking into account the expansion of nid(T, µ∗) for µ∗ →
m− 0 [13] one finds a leading term for ωid as
ωid(T, µ
∗)
µ∗→m' gm
3/2T 20
2
√
2pi n(m− µ∗)1/2
=
gm3/2T 20
2
√
2Bpin|n− n0|
, (21)
where Eq.(3) with µ = 0 was used at the last step. For
the inequality (19) this gives
1 + ωid(T, µ
∗)
n
T
dU
dn
µ∗→m' 1 + g
√
Bm3/2T0√
2pi
n− n0
|n− n0|
' 1 + 0.84 sgn(n− n0) > 0. (22)
One finally obtains
lim
T→T0±0
ω = +∞ . (23)
The both points, T = Tc for κ = κ1 and T = T0 for
κ = 1, that correspond to ω = ∞ are noted by the star
symbols in Fig. 5 (b).
V. SUMMARY
A system of interacting bosons at finite temperatures
and zero chemical potential was studied in the present
paper within the Skyrme-like mean-field model. An inter-
play between attractive and repulsive interactions charac-
terized by the model parameters A and B opens possibil-
ities for different types of the first order liquid-gas phase
transition. As a particular example an equilibrium sys-
tem of pions has been discussed. At different strengths
of attractive forces characterized by dimensionless pa-
rameter κ = A/(2
√
mB) we found an abundance of the
thermodynamic behavior: 1) critical point at T = Tc
for κ = κ1 ∼= 0.998; 2) liquid-gas phase transition for
κ1 < κ < 1; (both cases 1 and 2 look similar to those
in molecular system), 3) an onset of the Bose-Einstein
condensation at T = T0 for κ = 1; 4) two successive
phase transition at 1 < κ < κ2 ∼= 1.00017, 5) a first or-
der phase transition with the Bose condensate nbc > 0
in the liquid phase for κ2 < κ < κ3 = 2/
√
3 ∼= 1.155
(in case 4, nbc > 0 also appears in the liquid part dur-
ing the second phase transition); 6) unstable vacuum for
κ > κ3. Some of these situations, namely cases 1 and 2,
exist also in the Boltzmann approximation, i.e., they are
not sensitive to the effects of the Bose statistics. Effects
7of the Bose statistics introduce the new interesting pos-
sibilities, namely cases 3-6, when non-zero value of the
Bose condensate density exists in a liquid component of
the mixed phase.
The particle number fluctuation demonstrate an inter-
esting behavior. Two special points with a divergence of
the scaled variance ω were found: T = Tc for κ = κ1
and T = T0 for κ = 1. The first of these points resem-
bles the critical point of the molecular systems, whereas
the second one is a consequences of infinite fluctuations
in the ideal Bose gas at the onset of the Bose-Einstein
condensation with µ∗ = m and nbc = 0. Note that in
the states with nbc > 0 the anomalous fluctuations with
ω = ∞ are absent. They are suppressed by the particle
interactions.
Physical systems with µ = 0 resemble a photon gas,
when all intensive thermodynamic functions are defined
by the system temperature only. As an example of such
system one can consider neutral mesons. In addition to
the Bose statistics effects, these particle possess strong
interactions that include both repulsive and attractive
effects. A wide variety of qualitatively different scenarios
can be then expected in such systems.
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